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The rank of a partial ordering P is the maximum size of an n-redundant family of linear 
extensions of P whose intersection is P. A simple relationship is established between the rank of 
a finite distributive lattice and its subset of join irreducible elements. 
Let S be a set and let PC S x S be a partial ordering on S. It is well known that 
there is a family 2 of linear extensions of P (total orderings on S) such that 
n 5?= P (cf. [2, 51). We call .Z irredtnndtlnt if n .Z= P and for every L E 
Z’, n 5!- {L} 2 P. Among the invariants associated with linear extensions of P the 
best known is the dimension (cf. [2]), that is, the minimum size of an irredu:;dant 
family of linear extensions of P We denote the dimension of P by dim P. We call 
the maximum size of an irredundant family of linear extensions of P the rank of 
P. Unlike rank, the literature concerning the dimension of a partially ordered set 
is rather extensive. 
Let P be a partial ordering on a set S with at least four elements. In 1951 
Hiraguchi [3] proved that 
PI dim P< 2 . 
[ 1 
Recently, Maurer and Rabinovitch [4] showed that 
2 Is I rank Ps 4 . 
[ 1 
it is noteworthy that equality obtains in this latter inequality if P is an antichain of 
four or more points, while dim P - 2 in this case. On the other hand, for some 
partial orderings these two invariants are equal: for instance, if P is a chain. A less 
trivial example can be constructed by taking S to be the set of all subsets of an 
n-element set and P to be set inclusion. This partially ordered set (lattice) we 
shall denote’ by 2”. 
*The work presented here was supported in part by National Research Council Operating Grant 
A 4077. 
1 Par convenience of notation we shall henceforth also use the partial ordering P on a set 5’ to 
denote the partially ordered set (S, P). 
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Let D denote a finite, distributive lattice and let J(D) denote the partially 
ordered subset of all join irreducible elements of D (a E J(D) if Q = VS implies 
a E S). It follows from a well known result of Dilworth [ 1] that 
dim D = w(J(D)), 
where w(J(D)) denotes the maximum size of an antichain in J(D), that is, the 
width of J(D). The purpose of this note is to establish an analogue for rank. 
Call a lattice K linearly decomposable if there are nonempty sublattices A and 
B of K satisfying the following conditions: (i) A - Bf 4 and B -A f 4; (ii) 
A U B = K; (iii) for every a E A and for every b E I3 a > b. Otherwise, we call K 
linearly nondecomposable. 
We are ready to state our main result. Its proof we postpone until a sequence of 
preliminary lem>nas is developed. 
Theorem 1. Let D be a finite, linearly nondecomposable, distributive lattice with at 
least two elements. Then 
rank D = IJ( D)l. 
The assumption of linear nondecomposability is not intended to skirt the 
general case but to emphasize the substance of the general result that we now 
formulate. 
We call a maximal, linearly nondecomposable sublattice of D a linear com- 
ponent of D; let Ai enumerate the linear components of D with precisely i 
elements. 
Theorem 2. Let D be a finite, distributive lattice and let D1, D2, . . . , D,,, be those 
linear components of D each with at least five elements. Then 
1 if Ai=0 forull j24, 
rank D = 
max (2, h4) if h&O and Aj =0 for all ja5, 
A,+ f rank Di if hj#O forsomeja5. 
i=l 
The situation is illustrated in Fig. 1. Notice that & counts the number of linear 
components of D isomorphic to 22. 
These results are a consequence of several lemmas which we establish anon. 
First, we shall require certain preliminary remarks concerning partially ordered 
sets and finite, distributive lattices. 
Let P be a partial ordering on a set S. Let denote the noncompurubility 
relation associated with P; that is, (a, b) E I if neither (a, b) nor (b, a) is a member 
of P. Notice that if 3’ is an irredundant family of linear extensions and n d;p = P, 
then fo. each 1, E .9? there exists (a, b) E I such that (2, b) E L and, for each L’ E 9 
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rank = 1 
(a) 
rank = 4 
(b) 
Fig. 1. 
rank = 7 
(c9 
distinct from L, (b, a) E C’. With this remark in mind, it is easy to compute the 
rank of the partially ordered set of Fig. lb. Considerably more can be said about 
irredundant families of linear extensions if we consider yet another binary 
relation, F, defined on I. 
For (a, b) and (c, d) E I we write ((a, b), (c, d)) E F-in words, (a, b) forces 
(c, d)-if for every linear extension L of P, (a, b) E L implies (c, d) E L (see Fig. 2). 
Evidently, if (a, b) forces (c, d) then a SC and d s b. Moreover, it is an easy 
matter to verify that F is c partial ordering on I. 
Call a maximal element of the partially ordered set (I, F) an unforced ordered 
pair of P. 
b 
d 
/o,b) forces /c,dl 
Fig. 2. 
Lemma 3. Let P be a partially ordered set and let 9 be an irredundant family of 
linear extensions of P such that n 5!? = P. Then every L E 9 contains at least one 
unforced ordered pair. 
Let P be a partially ordered set tvith m unforced ordered pairs. Then 
rank PS m. 
We shall link these considerations to the arithmetical features of finite lattices. 
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Lemma 5. Let K be a finite partially ordered set and let a, b E K. Then (a, b) is an 
unforced ordered pair of K if and only if G) a is noncomparable to b, (ii) if x < a 
then x < b, and (iii) if b < y then a c y. In addition, if K is a finite lattice and if 
(a, b) is an unforced ordered pair of K then a is join irreducible and b is meet 
irreducible. 
Let D be a finite distributive lattice and let J(D), respectively, M(D), denote the 
partially ordered subset of join irreducible, respectively, meet irreducible, ele- 
ments of D. kt is well known that J(D) = M(D). In fact, the mapping f defined by 
f(a) =V(xEDIa+x) 
is an isomorphism of J(D) onto M(D) such that a is noncomparable to f(a), for 
each a E J(D). Moreover, f-’ is given by 
f-‘(a)=A (yeD 1 y+a). 
Together with Corollary 4 and Lemma 5, these observations yield the inequality 
rank DG IJ(D)l. 
Among the linear components of D the distinguished role of the four-element 
components is clarified by the next lemma. 
Lemma 6. Let D be a finite, distributive lattice. Then every linear extension of D 
contains an unforced ordered pair ;‘f and only if A,> 0. 
Proof. Let {a 4 b, a, b, a v b} be a linear component of D isomorphic to 22 and let 
L be any linear extension of D. Then both a and b are join irreducible and meet 
irreducible in D; moreover, either (a, b) E L or (6, a) E L. In either case, L 
contains an unforced ordered pair (cf. Lemma 5). 
Let A4 = 0. We shall show by induction on IDi that there is a linear extension of 
D with no unforced ordered pair. To this end let (a, b) be an unforced ordered 
pair of D and set A = {x E D 1 x 2 a} and B = { y E D 1 y s b}. As D is distributive 
= hgrrn ,. _ !’ -= A U B, the intervals [a, a v b] and [a A b, b] are isomorphic. and 
[a A b, a v b] = 2 x [a, a v b], where 2 denotes the two-element chain. 
I ,t D;, D$‘, . . . , De be the linear components of A. Since D itself has no 
linear component isomorphic to 22, every DA ~2~ must intersect [a, a v b]. 
Indeed. let DA = { ai A bi, ai, bi, ai v b,); WC! may SUP~OSC that (ai, bi) is an unforced 
ordered pair of A and that a s ai s a v b. Notice that while ai EJ(A), still 
ai $ J(D). We apply the induction hypothesis to construct a linear extension LA of 
A according to the following specifications: if DF $2” then LA 10” contains no 
unforced ordered pair of DA; if DA ~2~ then (ai, hi) E LA. We may employ a dual 
argument to construct a suitable linear extension LB of 23. 
It is a straightforward matter to verify chat Lt-, - ( L,4 -{a}, b, a. LB -{b}) is a 
linear e? tension o! D. To verify that Lr, contains 110 unforced ordered pair of D 
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we need only examine the ordered pair (b, a). If (b, a) is an unforced ordered pair 
of D then both a and b are join irreducible and meet irreducible. Since D is 
distributive, it follows that [a A b, a v b] = Z2; whence A, > 0. 
We are now in a position to describe a class of partially ordered sets for which 
the equality of Corollary 4 is attained. Actually, the next result constitutes the 
substance of Theorems 1 and 2. 
Lemma 7. Let D be a fkite, distributive lattice with m unforced ordered pairs. If 
Ad=0 then 
rank D = m. 
Proof. Let (a, b) be an unforced ordered pair of D. It suffices to show that there 
is a linear extension L of D that contains precisely one unforced ordered pair, 
namely, (a, b). This is accomplished by constructing LA and LB as in the proof of 
Lemma 6. Then L = (LA, LB) is an appropriate linear extension of D. Of course, 
the family of these m linear extensions is h-redundant for D. 
The proof of Theorem 1 is an immediate consequence of Lemma 5 and the 
subsequent remarks , and Lemma 7. The proof of Theorem 2 is an easy applica- 
tion of Lemma 6. 
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